Abstract-This paper proposes a collision avoidance algorithm to solve the problem of (local) path planning for a three-dimensional (3-D) object moving among polyhedral obstacles. The algorithm is based on a generalized potential model of workspace [1] which assumes that the boundary of every 3-D object is uniformly charged. According to the proposed approach, the repulsive force and torque between the moving object and the obstacles due to the above model is used to adjust the position and orientation of the object so as to keep it away from the obstacles while passing through a bottleneck in the free space. Simulation results demonstrate that the path of a 3-D object thus obtained is indeed safe and spatially smooth. The adopted potential field is analytically tractable which makes the path planning efficient.
I. INTRODUCTION
In planning a path of a robot, a repulsive potential function is usually used to keep a safe distance between the robot and obstacles. A collision-free path of a robot can be obtained by adjusting its configuration to minimize the potential experienced by the robot. In general, a potential function used to model the workspace can be a scalar function of the distances between the boundary points of the robot and those of obstacles. The gradient of such a scalar function can be used as a repulsive force between the robot and obstacles, making potential-based methods simple. (For a survey of related works see [2] and [3] .) An artificial repulsive potential whose value is determined by the Yukawa function [4] and whose isopotential contours are modified n-ellipses is used in [5] for local planning of linked line segments. The potential from an obstacle is given by U (K) = A e 0K K (1) where the pseudodistance K is made to change linearly along the x-axis and is used to specify each contour. Ideally, as mentioned in [5] , a potential field should have the following attributes.
1) The magnitude of potential should be unbounded near obstacle boundaries and should decrease with range. (This property captures the basic requirement of collision avoidance.) 2) The potential should have a spherical symmetry far away from the obstacle.
3) The equipotential surface near an obstacle should have a shape similar to that of the obstacle surface. 4) The potential, its gradient, and their effects on paths must be spatially continuous. A potential function which is a cubic function of the distance between a point object and the obstacles is used in [6] for moving a point object in the two-dimensional (2-D) space. The potential function ranges from zero at some maximum distance to a maximum value (<1) at zero distance. In [7] , local planning similar to that discussed in [5] is done using an artificial potential function which is a function of the shortest distance between the moving object and the obstacles. The potential function is described by (2) where r is the shortest distance and r 0 is the effective range. Clearly, the cubic function mentioned in [6] does not have the first (unbounded) attribute. Furthermore, at the locations where the shortest distance corresponds to multiple obstacle points, the gradient of the potential function will be undefined (the same problem exists for the potential function used in [7] ).
Harmonic functions which do not exhibit local minimum in the free space are used in [8] to find object trajectories in the configuration space. Since the potential along an obstacle of nonzero extent is finite, the only obstacle structure for which collision avoidance can be guaranteed is a point itself (see [1] for a more detailed discussion). For each given source/goal pair in the configuration space, an iterative method is used to generate a discrete regular sampling of a potential field on a grid numerically such that following the gradient from the start point will move the robot to the goal safely. A potential function, called a navigation function, is constructed in [9] for a point object to navigate among disk obstacles toward the goal position. By adjusting a parameter of the potential function, all local minima can be removed. This algorithm is later generalized to star-shaped sets [10] . Harmonic potential due to an electric charge in the 2-D space
is used for obstacle avoidance in [11] . Similar potential function is used in a sensor-based 2-D potential panel method for robot motion planning in both a static and dynamic environment [12] . The approach in [11] is later generalized in [13] to the 3-D space by considering the 2-D plane determined by the source and goal points as well as the point charge representing the closest obstacle.
Boundary equations of polytopes are used in [14] to create an artificial potential function. Let g(x) 0 x 2 R n (4) be the set of linear inequalities describing a convex region. Assuming there are N boundary polytopes, the potential function is defined as
where is a small number and the scalar function
is zero inside the region and grows linearly as the distance from the region increases. In [15] , an efficient and simple method for finding a collision-free object path in a dynamically observable 3-D environment is developed by combining the above potential function and the octree representation [16] .
It is easy to see that the potential functions described in (2) and (5) do not have the attribute of spherical symmetry. For example, the equipotential contour of (2) due to a rectangle never converges to a circular shape in far field in the sense that the difference between the maximum and minimum distances from points on any contour to the centroid of the rectangle is always equal to the length difference between two neighboring edges of the rectangle [see Fig. 1(a) ]. Similarly, the equipotential contours of (5) due to a rectangle always consist of sets of parallel line segments [see Fig. 1(b) ]. The Newtonian potential which is inversely proportional to the distance between two point-charges is used in [17] for the path planning in the 2-D space. By assuming that the polygonal obstacle boundaries are uniformly charged, it is shown that the resultant potential field have the above attributes. Moreover, such a workspace model is unique in the following ways.
1) The resultant potential field is obtained by superposing the potential due to individual boundary point directly, instead of intermediate representation of the obstacle boundaries such as boundary equations. Furthermore, each boundary point contributes to the potential field in an independent and identical fashion. 2) An analytic expression of the potential function due to a line segment enables the computation of the exact potential for the obstacles, avoiding the need to discretize the obstacle boundary into a set of points.
3) The potential field and its gradient are analytically computable throughout the free space. Therefore, establishing a database of the potential function, e.g., a distance map, upon a discrete representation of the free space is not necessary. It is not hard to see that the potential field established in [5] is not obtained by superposing the potential due to individual boundary point directly. Thus, whether each boundary point is contributing to the potential field in an independent and identical fashion is out of the question. In fact, since the definition of the pseudodistance depends on the orientation of the coordinate system, the potential field is not rotational invariant except for circularly symmetric obstacles, e.g., disks, in the 2-D space.
In [17] , an algorithm is developed to compute a safe and smooth object path by minimizing the potential function locally for obstacle avoidance, while the gross robot movement is subject to the constraints derived from the topology of the path given a priori. Since the potential gradient is not used directly as the direction of object path, like many potential-based approaches, the potential minima, in general, will not cause an object to get stuck during the path planning.
A 3-D extension of the above potential-based path planning approach is proposed in this paper. It is shown that with the analytically tractable, potential-based free space model proposed in [1] , collision avoidance can be achieved effectively and efficiently. Although this paper mainly considers path planning for a single rigid object among stationary and rigid obstacles in the 3-D space, the concept of obstacle avoidance using potential fields can be extended easily to more general path planning problems. The remainder of this paper is organized as follows. The above generalized potential model in the 3-D space is briefly reviewed in the next section. A path planning algorithm using the closed-form expressions of repulsive force and torque between the moving object and the obstacles due to the generalized potential model to ensure collision avoidance is proposed in Section III. In Section IV, simulation results are shown for several 3-D objects moving among polyhedral obstacles. Section V summarizes the paper.
II. REVIEW OF GENERALIZED POTENTIAL FIELDS IN THE 3-D SPACE
In [1] , a potential-based modeling of 3-D workspace for collision avoidance is proposed. It is shown that the Newtonian potential, being harmonic in the 3-D space, cannot prevent a point charge from running into an object surface which is uniformly charged. This is because the value of such a potential function is finite at the continuously charged surface. Subsequently, generalized potential models are developed to assure collision avoidance between 3-D objects. The potential function is inversely proportional to the distance between two point charges to the power of an integer (m) and the potential and thus its gradient due to a 3-D polygon can be calculated analytically.
In particular, it is shown that the repulsive force exerted on a point charge due to polyhedral surfaces can be obtained analytically by evaluating the gradient of the following function 
at some (x; y; z)s for m = 3.
In general, the force exerted on a point due to polyhedral object surfaces, which will be used in the proposed 3-D path planning algorithm discussed next, can be obtained by summing the forces due to individual polygonal object faces. Finally, it is also shown in [1] that the generalized potential will diverge for a point charge located on the surface of a polyhedral object, i.e., the basic requirement for the proposed path planning algorithm is satisfied.
III. LOCAL PLANNING ALGORITHM
In the previous section, it is shown that the repulsive force exerted on a point due to polyhedral surfaces can be obtained by evaluating the gradient of (7). In this section, the above results will be used to achieve collision avoidance for path planning in the 3-D space. To that end, the obstacles are represented as polyhedra, while a moving object is represented by a set of sampling points obtained from its surfaces. 1 The repulsive force and torque between the moving object and the obstacles can thus be obtained by superposing the repulsive force and torque between individual sampling points and obstacle surfaces.
For a path planning problem, the places where the moving object is more likely to collide with obstacles are bottlenecks in the free space. In [20] , free space bottlenecks in the 2-D space are represented by the minimal distance links (MDLs) among obstacles, which also connect (convex) obstacle nodes in the obstacle neighborhood graph. In [17] , a local planner is developed to obtain a local path around an MDL, e.g., the dashed line segment shown in Fig. 2(a) . With the leading skeleton point of the object initially located on the MDL, the local planner determines the optimal location and orientation of the object, as successive skeleton points are moved onto the MDL, such that the potential experienced by the object is minimized. Fig. 2(b) shows the path planning results thus obtained. The effectiveness of the local planner in generating safe and smooth object path is readily observable.
In this section, the above local planner is generalized to the 3-D space using the potential-based workspace model reviewed in the previous section. For simplicity, each bottleneck region in the 3-D space is represented by a polygon. The topology of a local path, given as input to the local planner, is described in terms of the associated bottleneck and the object skeleton. The description is of a very concise form which only specifies the sequence in which the skeleton points should cross the bottleneck. If such a description corresponds to a feasible object path, the local planner will generate a sequence of object configurations along the path, each of minimum potential; otherwise, a failure will be reported. In the latter case, the failure may also result from a violation of a predetermined safe margin. Let s i ; 1 i N denote the sequence of N selected skeleton points to cross the bottleneck P . The local path begins when s 1 reaches P and ends when s N leaves P . The following algorithm developed for the local planner performs the path planning by sequentially ensuring that as each skeleton point moves onto P , it stays on P while the location and orientation of the object are adjusted to minimize the potential function using repulsive force (F) and torque (T), respectively, experienced by the object. Additional skeleton points may be added (see algorithm) to reduce the step size along the path, allowing for finer adjustments in the object configuration to avoid collision. The total number of skeleton points used directly determines the number of optimal object configurations computed along the path and, thus, the computation time; therefore, it is desirable to use as few skeleton points as possible. To restrict the total amount of computation, a limit is placed upon the minimum spacing smin between adjacent skeleton points used in the simulation, which effectively serves as a feasibility test of the local plan. 
(Find the minimal potential object configuration)
Translate the object on P and rotate it with respect to s until T and the projection of F on P are both zero.
(End when done with the last skeleton point)
If i = N , the local planning is completed.
(Try for the next skeleton point)
Translate the object such that s is shifted to its projection on P . If there is no collision during the translation, then let i i + 1, and go to
Step 2.
(Use an intermediate skeleton point)
Find the smallest n 1 such that s = s +(s 0s )=2
can be shifted to its projection on P without collision between the object and obstacles. If js 0 s j > s , then let s s , and go to Step 2.
(End abnormally)
Exit with failure due to the need for less than allowed spacing of skeleton points.
An object configuration obtained in
Step 2 is not only collision-free but also the safest with respect to the generalized potential under the constraint that the corresponding skeleton point stays on P . For the implementation of Step 2, the minimal potential configuration is identified efficiently by performing two gradient-based searches: one for the object location using F and the other for the object orientation using T.
Different from the 2-D local planner developed in [17] , the translation and rotation are both performed in three dimensions instead of one and two dimensions, respectively, for the 2-D case. The precisions required for specifying the final object location and orientation determine the number of iterations needed for solving the corresponding constrained optimization problems. For the simulation results presented in the next section, the minimal potential configurations are specified to within 1/160 of the length of the maximal distance between the vertices of P in location and within 1 in orientation.
IV. SIMULATION RESULTS
In this section, simulation results are presented for path planning of objects moving around bottleneck regions in the free space. The algorithm is written in the C programming language and all examples are tested on a Sun Sparc Ultra-1 workstation. In order to make the observation easy, a local path obtained with LOCAL_PLAN may be shown in different perspectives. Fig. 3 shows a rectangular solid, represented by a set of 58 sampling points uniformly distributed over its surfaces, moving through a stairlike region with a rectangular bottleneck. The safe and smooth object path is represented by 11 object configurations which correspond to 11 skeleton points equally spaced on a linear skeleton, as shown in Fig. 3(a) . No additional skeleton point is added while running the algorithm, i.e., Step 5 of LOCAL_PLAN is not necessary because sufficient skeleton points are used. Fig. 4 shows an L-shaped solid with 48 sampling points moving through a V-shaped bottleneck region. While the two L-shaped faces of the object lie in z = 60:5 planes, respectively, the two largest obstacle faces lie in z = 61 planes, respectively, and points A; B; C; D, and E lie in the z = 0 plane, as shown in Fig. 4(a) . For points A; B , and C chosen as skeleton points of the object, the local path derived by the LOCAL_PLAN is shown in Fig. 4(b) . Five intermediate skeleton points, and thus five additional object configurations, are required to accomplish the local planning. The robustness of the proposed approach with respect to the selected object skeleton is illustrated with Fig. 4(c) and (d) wherein points D and E , respectively, are used in place of B . It is not hard to see that the two object paths are very similar to the one shown in Fig. 4(b) except for different numbers and locations of intermediate samples of object configurations taken along the underlying continuous object path.
In each of the above two examples, because there is a plane of symmetry for both the moving object and the obstacles, and the plane also contains the skeleton points of the object, the corresponding path planning problems are essentially two-dimensional. In Fig. 5 , a truly 3-D problem is established by tilting outward part of two obstacle faces shown in Fig. 4 . The object path, shown in four different perspectives, is derived by LOCAL_PLAN for seven equally spaced point samples obtained along the skeleton determined by points A; B , and C . A twisting movement of the object in accordance with the tilts to reduce the likelihood of collision can be seen clearly. In general, the computational complexity of the path planning is determined by the shape of the object and obstacles, the number of skeleton points used, the number of sampling points of the object, the number of obstacle faces, and the precisions in specifying final object configurations. For example, it takes 47.78, 21.72, and 27.94 s to generate object paths shown in Figs. 3, 4(b) , and 5, respectively. Fig. 6 shows a spiral with an angular range of 720 with respect to its axis going through a small rectangular hole on the right side of a box. The skeleton, which is the spiral itself, has 64 equally spaced sampling points. The complexity of this example is much higher than the previous three examples that it takes 1943.48 s to generate the local path of the object.
Figs. 7 and 8 show path planning examples involving multiple local paths. In each example, it is assumed that the order in which the local paths should be connected to form a global path is given in advance. Furthermore, it is assumed that each local path is relatively close to its neighbors that the path planning for connecting adjacent local paths into a global one is straightforward. Fig. 7 shows a rectangular solid with eight sampling points (its vertices) moving through a piecewise linear passage. The passage corresponds to the swept volume obtained by translating a square cross-section, from right to left, along the horizontal (01; 0; 0) direction, the (04; 1; 0) direction, the (02; 0; 1) direction, and finally the (08; 2; 01) direction. The shape of the object is represented by a single skeleton point and its centroid; each local path, consisting of a single object configuration, is obtained for the skeleton point constrained on the square cross-section at one of the nine selected locations. (Unlike a bottleneck, these square cross-sections do not really reflect local narrowness of the free space along such a passage. Nonetheless, as the bottlenecks considered so far, each of these cross-sections does provide similar constraint for LOCAL_PLAN to derive an object configuration of minimum potential.) It is easy to see that the object stays pretty close to the center line of the passage while keeping away from its boundaries.
In Fig. 8 , a similar rectangular solid is moved inside a Y-shaped pipe consisting of 170 polygons. The object is moved from the lower end of the slim pipe to the upper end of the wider one, as shown in Fig. 8(b) , through the identification of local paths obtained for seven cross-sections. There is essentially no change in object orientation, due to the local symmetry in the shape of a pipe, except near the junction of the two pipes where the object undergoes a composition of 1) a turning movement due to the change in the passage direction and 2) a twisting movement, i.e., a rotation of about 45 , due to the wideness of the free space. Fig. 9 shows a more realistic example of moving a desk out of a room. Intelligent maneuvering of the desk at the doorway (bottleneck region) is necessary to generate a collision-free path.
A. Computational Complexity
The proposed approach is not only easy to implement, but the associated algorithm is also of low time complexity because the generalized potential field is analytically tractable. Suppose the obstacles are represented by totally n polygonal surfaces and the moving object is represented by m sampling points. The time complexity for calculating the repulsive force and torque exerted on each sampling point of the object is O(n). Thus, the time complexity for obtaining F and T exerted on the moving object in Step 2 of LOCAL_PLAN is O(nm). However, the total number of translations (and rotations) required in adjusting the position (and orientation) of the object for minimum potential, and thus the total number of calculations made for F (and T), is, in general, dependant on the shape of the object and that of the free space, and cannot be expressed analytically. For example, consider the local paths shown in Figs. 4(b) and 5 which have the same m and n. While an additional object configuration is required to derive the local path shown in Fig. 4 (b) compared with that in Fig. 5 , because the latter has a more open free space, it takes less time on the average to compute an object configuration in the former wherein the free space has a simpler shape.
As for a rough comparison of overall performance in terms of efficiency, most of the examples presented so far in this paper are computed in less than a minute, except for the curved object/obstacle shown in Figs. 6 and 8. Such results compare favorably to those obtained with the potential-based approach presented in [14] for 3-D problems of similar complexity. In [14] , without giving the computation time for individual examples, the times spent on path planning are reported to range from 5 to 30 min on a Sun 3/260 computer.
B. Unsuccessful Path Planning Results
While satisfactory path planning results are obtained in the above examples, there are certain situations in which the path planning performed by the proposed local planner can be problematic. Fig. 10 shows a path planning example similar to that shown in Fig. 4 but uses less sampling points, the 12 vertices, to represent the L-shaped object. Although these points are free from collision along the derived object path, it is not the case for this polyhedral object as a whole since the distribution of them over the object surfaces is too sparse.
On the other hand, the way the simple topological description of an object path is used by the local planner does not always yield meaningful path planning results. Fig. 11(a) shows the side view of a path obtained for the same spiral used in Fig. 6 but with different obstacles. With object configurations of minimum likelihood of collision obtained for the specified sequence of skeleton points, the object ends up on the same side of the bottleneck. This is because no restriction is imposed upon the motion of a skeleton point that, once it reaches the bottleneck, it should move forward and stay on the other side of the bottleneck. To further examine the influence of different potential minimization approaches on path planning, on an empirical basis, Fig. 11(b) shows successful path planning results obtained with a simplified version of LOCAL_PLAN which only allows object translation. One can see easily from the side view of the path, as shown in Fig. 11(c) , that the object path is safe and smooth. The object, in fact, undergoes a 2-D sinusoidal movement, as illustrated by the path of the first skeleton point shown in Fig. 11(d) .
V. CONCLUSION AND FUTURE WORKS
A local path planning algorithm based on a new workspace model is presented in this paper. The effectiveness of such a model for ensuring collision avoidance in path planning problems is demonstrated by considering the local path going through a free space bottleneck in which careful maneuvering of the object is required. A local planner is developed to identify the optimal (minimum potential) object configuration along the object path around a free space bottleneck. Unlike approaches that only work for a point or spherical object, possibly in the C-space, the object considered in the proposed approach, which is represented by point samples from its surface, is allowed to have arbitrary shape. The optimal object configurations can be obtained with efficient search methods because the repulsion between the object and obstacle is available in closed-form. According to the simulation results, not only can an object configuration obtained with the proposed approach avoid obstacles with satisfactory (optimal) margins, a sequence of object configurations thus obtained also connect naturally into a spatially smooth object path. Preliminary results of connecting local paths obtained with the proposed local planner into a global one are also included.
Despite the aforementioned success in applying the proposed algorithm in 3-D path planning, several related issues are yet to be addressed. For example, the sampling of the object surface is not a trivial problem. There is certainly a tradeoff between the computation efficiency and the correctness in the resultant object path. Other issues include the developments of a systematic way of identifying free space bottlenecks of more complex geometry, suitable global planning strategies to connect the local paths, and other local planning algorithms. On the other hand, it is possible to combine the proposed algorithm with some other global path planning approaches, e.g., a probabilistic roadmaps method presented in [21] . Extensions of the proposed approach to more general problems, other than the one involvinga single rigid object among stationary obstacles, are also under investigation.
